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Abstract—Aerial communication platforms have been re-
cently recognized as an effective solution to provide wireless
access to terrestrial users, which promise to increase reliability
and throughput thanks to their superior coverage capabilities.
In this paper, we explore the impact of the height of an
Unmanned Aerial Vehicle (UAV) on the area over which it
can provide wireless service. We investigate the problem by
characterizing the coverage area for a target outage probability,
showing that for the case of Rician fading there exist a
unique optimum height that maximizes the coverage area. The
optimum UAV height guarantees a beneficial trade-off between
path loss and fading, which vary as function of distance and the
elevation angle with respect to the ground terminals. Moreover,
a closed-form approximated solution is provided, which is valid
for any functional dependency between the elevation angle and
the Rician factor.

Index Terms—Terrestrial–aerial communication, unmanned
aerial vehicle (UAV), outage probability, Rician fading.

I. INTRODUCTION

Aerial communication platforms have been acknowledged
in recent years as an interesting alternative to provide wire-
less services for terrestrial users. Facebook Aquila Drone
[1] and Google Loon [2] are two well-known projects that
exploit aerial platforms to fill coverage gaps and provide in-
ternet access for users in remote locations. The ABSOLUTE
project [3] is another important initiative that uses aerial
platforms to improve public safety and achieve capacity
enhancement.

The quick deployment of Unmanned Aerial Vehicles
(UAVs) as aerial platforms, independent of terrestrial infras-
tructures, makes UAVs effectively applicable for many oper-
ations [4]–[6]. Recent reports show promising opportunities
in integrating UAVs to heterogeneous networks, working
either as base stations or relays [7]–[9]. In [7] the use of UAV
for public safety communication has been studied where
the legacy terrestrial infrastructure is damaged. Through
simulations the authors showed that the throughput coverage
can be improved by optimizing the location of the UAV.
In [8] the airborne relays are utilized to assist the existing
cellular networks by providing emergency coverage.

An important issue in the design of a terrestrial-aerial
network is the effect that the UAV height has on the cov-
erage performance, link reliability and service availability.
In effect, interest on this issue has been reported in recent
literature [10]–[12]. The optimal placement of the UAV was
explored in [10] based on simulations, without providing

a theoretical framework that could lead to a generalization
of the results. The relationship between the UAV height
and coverage area was analyzed in [11], [12], where the
impact of altitude on the required transmit power was
addressed as well in [12]. However, these works studied
a deterministic coverage ignoring the effects of multipath
and random fading, which are an essential feature of the
wireless channel. To the best of our knowledge, there is no
analytical study on the relationship between UAV height and
coverage area that considers more realistic assumptions on
the wireless link statistics.

In order to address this problem, a suitable model for
the terrestrial-aerial communication channel is required. The
Rician model is an adequate choice, as it can effectively
reflect the combination of LoS and scattering that exists
in the links between the UAV and ground nodes [13]–
[15]. Interestingly, experimental evidence suggest that the
Rician factor is affected by the link’s elevation angle, as
a higher UAV is more likely to experience LoS [16]–[19].
These results trigger the question whether it is possible to
determine an optimal height for a UAV with respect to the
resulting ground-to-air communication link, trading-off path
loss due to the higher altitude with a reduced influence of
multipath scattering.

In this paper, we consider a terrestrial-aerial communi-
cation network where a UAV provides wireless access to a
number of ground nodes. By studying the outage probability
of the network, we show that there exist an optimum
height for the UAV which maximizes the coverage area.
Moreover, we derive approximate closed-form expressions
for the maximum coverage radius and optimal height of
the UAV for the case of Rician fading. These expressions
provide insights on the relationship between the maximum
coverage area and signal to noise ratio (SNR) or transmission
power requirements.

The rest of the paper is organized as follows. First, Section
II presents the system model and Section III defines the
problem statement. Then, the optimal UAV positioning and
the maximum coverage area are investigated in Section
IV. Section V presents numerical simulations that confirm
and illustrate our results. Finally, our main conclusions are
summarized in Section VI.
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II. SYSTEM MODEL

We focus on a terrestrial-aerial communication network,
where a UAV provides wireless connectivity to the nodes on
the ground as shown in Figure 1. The UAV is located at an
altitude of ℎ meters, and the elevation angle with respect to
a terrestrial node T is denoted as 𝜃 = tan−1(ℎ/𝑟T), where
𝑟T is the distance of the terrestrial node from the projection
of the UAV onto the ground 𝑂.

A. Modeling the Channel

Let us consider the uplink communication channel from
the node T to the UAV, which suffers from both random
small-scale fading and deterministic large-scale path loss.
The instantaneous SNR between the node T and the UAV
can be expressed as

ΓT =
𝐴𝑃T

𝑁0ℓT
𝛼 ΩT, (1)

where ℓT denotes the distance between T and the UAV, 𝛼
is the path loss exponent, 𝑃T is the radiated power at the
transmitter, 𝑁0 is the noise power, 𝐴 is a constant that
accounts the effects of system parameters such as antenna
gain and operating frequency, and ΩT ∈ [0,∞) is a random
variable that corresponds to the effects of the small-scale
fading such that ΩT = 1.

For modeling terrestrial-aerial communication links,
which are usually composed by a combination of LoS and
scattered signals, the Rician fading model is commonly used
in the literature [13]–[15]. In this model, the distribution of
ΩT follows a non-central chi-square probability distribution
function (PDF) given by [20]

𝑓ΩT(𝜔) =
(𝐾 + 1)𝑒−𝐾

ΩT
𝑒

−(𝐾+1)𝜔

ΩT 𝐼0

(
2

√
𝐾(𝐾 + 1)𝜔

ΩT

)
,

(2)
where 𝜔 ≥ 0, 𝐼0(⋅) is the zero-order modified Bessel
function of the first kind, and 𝐾 is the Rician factor that
corresponds to the ratio between the power of the LoS
component and the power of the multipath components. It
can be shown that for 𝐾 = 0 the Rician model reduces
to a Rayleigh fading distribution, whereas for 𝐾 → ∞
it converges to an AWGN channel. Hence, in general a
small value of 𝐾 represents a predominance of the multipath
component while a large 𝐾 corresponds to a strong LoS
between transmitter and receiver.

B. Modeling the Rician Factor

Different terrestrial nodes might experience a different
Rician factor while communicating with the same UAV,
as the predominance of the LoS can vary across different
locations. In [18], [19] is shown that the elevation angle
𝜃 plays a dominant role among the factors that influence
the Rician factor. The reason for this is the fact that the
terrestrial-aerial link is most likely to have a strong LoS
as the elevation angle increases. From the measurements
presented in these works, it can also be seen that other

UAV

T 𝜃 𝑟T

ℎℓT

𝑂

Fig. 1. A typical terrestrial-aerial communication system with a
number of ground nodes and a UAV. A terrestrial node T, and the
UAV share a communication link with elevation angle of 𝜃.

parameters that affect 𝐾 are the carrier frequency and the
antenna technology.

Our approach in this paper is to consider a general
relationship between 𝐾 and 𝜃 characterized by the function
𝐾 = Ψ(𝜃) for 𝜃 ∈ [0, 𝜋/2]. Accordingly, and in consistency
with the results presented in [18], [19], it is assumed that the
dependency of 𝐾 on different values of ℎ and 𝑟T is mainly
determined by their ratio.

The main results presented in this paper do not require
any specific functional form for the dependency between 𝐾
and 𝜃, but only that Ψ(⋅) is a differentiable and increasing
function. However, for purposes of illustration, in Section
V-A we adopt a concrete dependency for Ψ(𝜃) in order to
provide numerical results.

III. PROBLEM FORMULATION

In this section we formulate the problem of finding the
optimal UAV height that maximizes the area to which it
can provide wireless connectivity reliably. To this end, first
the coverage area is defined based on the notion of outage
probability.

For a given node T, the outage probability 𝒫𝑜𝑢𝑡 of the
terrestrial-aerial communication link is defined as

𝒫𝑜𝑢𝑡 ≜ P(ΓT ≤ 𝜉), (3)

where P(⋅) denotes the probability and 𝜉 is an SNR thresh-
old. Using (1) and (2) a direct computation shows that 𝒫𝑜𝑢𝑡

in (3) can be rewritten as

𝒫𝑜𝑢𝑡(ℎ, 𝑟T) = P

(
𝐴𝑃T

𝑁0ℓT
𝛼 ΩT ≤ 𝜉

)
(4a)

= 1−𝑄
(√
2Ψ(𝜃),

√
2𝜉 [1 + Ψ(𝜃)] ℓT

𝛼/𝛽T

)
, (4b)

where 𝑄(⋅, ⋅) is the first-order Marcum Q–function [21]
and 𝛽T = 𝐴𝑃T/𝑁0 is a shorthand notation (recall that
𝜃 = tan−1(ℎ/𝑟T) and ℓT =

√
𝑟2T + ℎ2 are functions of 𝑟T

and ℎ).
A terrestrial-aerial communication link is considered reli-

able if its outage probability is sufficiently small, i.e. if

𝒫𝑜𝑢𝑡(ℎ, 𝑟T) ≤ 𝜖, (5)



where 𝜖 is a constant defined by the desired quality of
service. The coverage area of a UAV that stays at height ℎ,
denoted as 𝒞ℎ, is composed by all the locations that can host
reliable links. Equivalently, 𝒞ℎ is the geographical region of
points whose 𝑟T satisfies (5).

As nodes that are closer to the UAV experience a stronger
link, in general the coverage area is a disc centered at 𝑂.
The radius of the coverage area for a given UAV height ℎ,
denoted as 𝜌ℎ, can be found by solving the implicit equation
over 𝜌ℎ:

𝒫𝑜𝑢𝑡(ℎ, 𝜌ℎ) = 𝜖, (6)

which can be rewritten using (4b) as

𝑄
(√
2Ψ(𝜃),

√
2𝜉 [1 + Ψ(𝜃)] ℓT

𝛼/𝛽T

)
= 1− 𝜖. (7)

The set of all pairs (ℎ, 𝜌ℎ) that satisfy (7) form the config-
uration space of the system, denoted as 𝒮 .

Our interest is to find the optimal altitude ℎ̂ at which the
UAV should be located in order to maximize the coverage
area. In other words, by denoting the maximum coverage
radius as 𝜌ℎ, we seek the pair (ℎ̂, 𝜌ℎ) that satisfies

𝜌ℎ = max
ℎ∈[0,∞)

𝜌ℎ , ℎ̂ = {ℎ ∣ (ℎ, 𝜌ℎ) ∈ 𝒮} . (8)

IV. MAXIMUM COVERAGE AREA

For solving (7), our approach is based on using an
approximation to the inverse Marcum Q–function. Most of
the existent approaches for computing the inverse Marcum
Q–function are iterative [21], [22], and hence they cannot be
written in closed-form. In contrast, we propose a closed-form
approximation that is accurate in the range of interest for
our problem. Using this approximation, Theorem 1 presents
a formula for computing the maximum coverage radius and
optimum UAV height as defined in Section III.

To present our approximation of the inverse Marcum
Q–function, assume that for a given value of 𝑦 and 𝜖,
𝑧 = 𝑄−1(𝑦, 1− 𝜖) provides the value of 𝑧 that satisfies the
solution of 𝑄(𝑦, 𝑧) = 1− 𝜖. We approximate 𝑄−1(𝑦, 1− 𝜖)
in the following lemma.

Lemma 1. If 𝜖 < 0.1 then the value of 𝑧 = 𝑄−1(𝑦, 1 − 𝜖)
can be approximated by

𝑧 ≃ 𝑦−𝑐𝜖; 𝑐𝜖 = −0.015 [ln(𝜖)]2−0.529 ln(𝜖)+0.122. (9)

Proof. The proof is given in Appendix A.

Using (9), the configuration space 𝒮 can be characterized
as follows.

Lemma 2. The configuration space 𝒮 is a one-dimensional
curve in 𝑟T − ℎ plane, which can be parameterized by

ℎ(𝑦) = Λ(𝑦) ⋅ sin 𝜃(𝑦) , 𝜌ℎ(𝑦) = Λ(𝑦) ⋅ cos 𝜃(𝑦) , (10a)

where

Λ(𝑦) =

(
𝛽𝑇 [𝑦 − 𝑐𝜖]

2

𝜉 [2 + 𝑦2]

) 1
𝛼

, 𝜃(𝑦) = Ψ−1

(
𝑦2

2

)
(10b)

𝑟T

ℎ

𝜃

(𝜌ℎ, ℎ̂)

𝒫𝑜𝑢𝑡 < 𝜖 𝒫𝑜𝑢𝑡 > 𝜖

𝒮

𝑦 =
√
2𝜅0

𝑦 =
√
2𝜅𝜋

2

𝑦

𝑦 = 𝑦

Fig. 2. A geometric illustration of the configuration space 𝒮. The
shape of 𝒮 shows that for low altitudes the reduction of the
multipath effect provided by an increase of height is beneficial.
However, for high altitudes the path loss dominates and hence
increasing the height is harmful. A unique optimal height lays
between these two regimes.

and 𝑦 ∈ [
√
2𝜅0,

√
2𝜅𝜋

2
] where 𝜅0 = Ψ(0) and 𝜅𝜋

2
=

Ψ(𝜋/2) are the minimum and maximum values of 𝐾 =
Ψ(𝜃), respectively.

Proof. Using 𝑦 =
√
2Ψ(𝜃) as an auxiliary variable, 𝜃 can

be written as

𝜃(𝑦) = Ψ−1

(
𝑦2

2

)
(11)

where Ψ−1(⋅) indicates the inverse function of Ψ(⋅). From
Lemma 1, (7) is equivalent to√

2[1 + Ψ(𝜃)] 𝜉ℓT
𝛼

𝛽T
= 𝑦 − 𝑐𝜖. (12)

By replacing Ψ(𝜃) = 𝑦2/2 into (12) and rewriting it one
obtains

ℓT =

(
𝛽𝑇 [𝑦 − 𝑐𝜖]

2

𝜉 [2 + 𝑦2]

) 1
𝛼

≜ Λ(𝑦). (13)

Knowing that ℎ = ℓT sin 𝜃 and 𝜌ℎ = ℓT cos 𝜃, and using the
equations (11) and (13), the desired results are attained.

Above, Λ(𝑦) and 𝜃(𝑦) correspond to the radius and angle
of the curve 𝒮 given in polar coordinates (see Figure 2). For
𝑦 =

√
2𝜅0 one sees that 𝜃(𝑦) = 0 resulting in ℎ(𝑦) = 0 and

𝜌ℎ(𝑦) = Λ(
√
2𝜅0), whereas for 𝑦 =

√
2𝜅𝜋

2
, 𝜃(𝑦) = 𝜋/2

resulting in ℎ(𝑦) = Λ(
√
2𝜅𝜋

2
) and 𝜌ℎ(𝑦) = 0.

The value of 𝑦 that yields the optimal height and the max-
imum coverage radius is characterized in the next theorem.



Theorem 1. The value of 𝑦 = 𝑦 at which ℎ(𝑦) = ℎ̂ and
𝜌ℎ(𝑦) = 𝜌ℎ can be found from

𝑦2 = 2Ψ

{
tan−1

(
2 (2 + 𝑐𝜖𝑦)

𝛼𝑦 (2 + 𝑦2) (𝑦 − 𝑐𝜖)
Ψ′

[
Ψ−1

(
𝑦2

2

)])}
,

(14)
where Ψ′(⋅) indicates the derivative function of Ψ(⋅).
Proof. The proof can be found in Appendix B.

Corollary 1. The elevation angle that corresponds to the
boundary of the maximum coverage area, 𝜃 = tan−1(ℎ̂/𝜌ℎ),
can be found by solving

tan 𝜃 =

(
2 + 𝑐𝜖

√
2Ψ(𝜃)

)

𝛼

√
2Ψ(𝜃)(1 + Ψ(𝜃))

(√
2Ψ(𝜃)− 𝑐𝜖

) Ψ′(𝜃).

(15)

Proof. This equation is obtained by rewriting (37) in terms
of 𝜃 = 𝜃 which relates to 𝑦 = 𝑦 using (11).

The results in (14) and (15) show that 𝑦 and 𝜃 are
determined by 𝜖 and the propagation parameters, i.e. 𝛼 and
Ψ(⋅), being independent of the transmit power and SNR
threshold. Therefore, from (10) one sees that the maximum
coverage radius and optimum height are proportional to 𝛼

√
𝛽T

and −𝛼
√
𝜉. In the following, (15) is instantiated for the case

of free-space transmissions where 𝛼 = 2.

Corollary 2. If 𝛼 = 2, the approximate 𝑦 and 𝜃 can be
obtained from the equations

tanΨ−1

(
𝑦2

2

)
=

𝑐𝜖
𝑦2 (𝑦 − 𝑐𝜖)

Ψ′
[
Ψ−1

(
𝑦2

2

)]
(16a)

and

tan 𝜃 =
𝑐𝜖

2Ψ(𝜃)

(√
2Ψ(𝜃)− 𝑐𝜖

) Ψ′(𝜃). (16b)

Proof. With 𝛼 = 2 and assuming 𝑦 ≫ √
2, Λ(𝑦) in (10b)

can be simplified as

Λ(𝑦) ≃ 𝑦 − 𝑐𝜖
𝑦

√
𝛽𝑇

𝜉
. (17)

Hence, by taking the derivative of Λ(𝑦) and using (33) and
the first equation in (35) one can write

tan 𝜃 =
𝑐𝜖/𝑦

2

([𝑦 − 𝑐𝜖]/𝑦) (𝑦/Ψ′(𝜃))
=

𝑐𝜖
𝑦2[𝑦 − 𝑐𝜖]

Ψ′(𝜃). (18)

By using (11) in the above equation the desired results for
𝑦 = 𝑦 and 𝜃 = 𝜃 are obtained.

V. CASE STUDY: EXPONENTIAL DEPENDENCY

BETWEEN 𝐾 AND 𝜃

This section illustrates our results by instantiating the
expressions for an exponential dependency between the
Rician factor and the elevation angle. In the sequel, a model
for 𝐾 is presented in Section V-A and then numerical
evaluations are presented in Section V-B.

A. Model for 𝐾

Let us assume that the dependency of 𝐾 and 𝜃 is given
by

𝐾 = Ψ(𝜃) = 𝑎𝑒𝑏𝜃, (19)

where 𝑎 and 𝑏 are constants depending on the environment
and on the system parameters. Such dependency is supported
by the empirical data presented in [18]. The constants 𝑎 and
𝑏 can be determined as

𝑎 = 𝜅0, 𝑏 =
2

𝜋
ln

(
𝜅𝜋

2

𝜅0

)
, (20)

where 𝜅0 and 𝜅𝜋
2

are as defined in Lemma 2 and could be
determined from measurements in a concrete scenario.

In the sequel, Corollary 2 is specialized with the proposed
exponential model for 𝐾.

Corollary 3. Considering (19), the optimal values 𝑦 and 𝜃
can be found for 𝛼 = 2 by solving

tan

(
2 ln(𝑦)− ln(2𝑎)

𝑏

)
=

𝑏𝑐𝜖
2(𝑦 − 𝑐𝜖)

(21a)

and

tan 𝜃 =
𝑏𝑐𝜖

2(
√
2𝑎𝑒𝑏𝜃 − 𝑐𝜖)

. (21b)

Proof. From (19) one finds that

Ψ′(𝜃) = 𝑎𝑏𝑒𝑏𝜃 = 𝑏 Ψ(𝜃) (22a)

and

Ψ−1

(
𝑦2

2

)
=
2 ln(𝑦)− ln(2𝑎)

𝑏
. (22b)

From (16), (19) and (22) the desired results are reached.

Note that the left-hand side expression of (21a) is a
continuous strictly increasing function of 𝑦 while the right-
hand side term is continuous strictly decreasing. Moreover,
the former function varies from 0 to +∞ while the latter
reaches +∞ at one point and then as 𝑦 → √

2𝜅𝜋/2,
decreases up to a very small positive number. Thus, these
two functions cross each other at exactly one point, which
is the unique solution to the equation.

B. Numerical Results

We performed numerical evaluations for illustrating the
results presented in the previous sections. In this analysis, it
is assumed that 𝛽𝑇 = 70 dB, 𝜉 = 5 dB, 𝛼 = 2, 𝜖 = 0.001,
and (𝜅0, 𝜅𝜋

2
) = (3, 30) dB unless otherwise is mentioned.

Results show that, the outage probability increases with
𝑟T, however it can be minimized by optimizing the UAV
altitude for a given 𝑟T (see Figure 3). Indeed, increasing
altitude ℎ results in a longer link length that increases the
path loss. However, increasing ℎ also leads to a larger
elevation angle resulting in a larger 𝐾, which means that
the negative effect of multipath scattering is reduced. For
low altitudes the effect of reducing the multipath effect is
highly beneficial such that the outage probability decreases
steeply with the height, while for high altitudes the increase
in the path loss becomes dominant resulting in increasing
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this simulation the Rician factor increases exponentially with the
elevation angle as given in (19).
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outage probability. The point at which these two effects are
balanced is the optimal height for the given 𝑟T, denoted as
ℎ∗ in the figure.

In Figure 4, the curves representing the numerical solution
are obtained using the numerical method for computing the
inverse Marcum Q–function whereas the analytical values
are calculated with the proposed approximate closed-form
expression for the inverse Marcum Q–funtion from Lemma
2. The results in Figure 4 confirm that the closed-form
solution matches the numerical solution closely. The curves
peak at (𝑦, 𝜌ℎ) = (𝑦, 𝜌ℎ) where the analytical maximum
coverage radius 𝜌ℎ differs only 0.6%, 0.1%, and 0% at
𝜅𝜋/2 = 30, 40, 50 dB respectively with the ones determined
numerically. Moreover, from the figure it can be seen that
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leading to larger 𝐾, the maximum coverage
radius increases.

The locus of the configuration space is depicted in Fig-
ure 5. As expected, for each altitude the coverage area
diminishes with the SNR threshold 𝜉, however the reduction
is larger for higher altitudes. Noticing the locations of
(𝜌ℎ, ℎ) = (𝜌ℎ, ℎ̂), which are marked in the figure, the ratios
of ℎ̂/𝜌ℎ = tan(𝜃) for all examined 𝜉s are constant and
equal to 0.99 confirming that 𝜃 and ℎ̂/𝜌ℎ are independent
from 𝜉 as discussed in the previous section. However, the
value of 𝜌ℎ is a decreasing function of 𝜉 as depicted
in Figure 6. Indeed, increasing 𝜉 deteriorates the outage
probability which results in a smaller coverage area for the
same target outage constraint 𝜖. This figure also confirms



that 𝜌ℎ ∝
√

𝜉−1 which is discussed in the previous section.
Due to the fact that the ratio of ℎ̂/𝜌ℎ is fixed, ℎ̂ should have
the same relation with 𝜉 as 𝜌ℎ. Furthermore, the impact of
𝜖 on the maximum coverage radius is shown in this figure
where the increase of 𝜖 leads to a larger coverage area. The
increase of 𝜌ℎ from 𝜖 = 10−4 to 𝜖 = 10−3 is 10% at 𝜉 = 5
dB whereas from 𝜖 = 10−2 to 𝜖 = 10−1 the coverage radius
increases with 20% meaning that in a larger 𝜖 the maximum
coverage radius is more susceptible to 𝜖.

VI. CONCLUSION

We analyzed a ground-to-air communication network
composed of a UAV that provides wireless access to a
number of ground nodes. We considered that the ground-
to-air links suffer from path loss and scattering, and studied
the optimal trade-off between them. By assuming a Rician
fading model with 𝐾 depending on the elevation angle,
we showed that there exists a unique optimum height at
which the UAV should be located in order to maximize the
coverage area. Explicit formulas for the optimal height and
maximum coverage radius were provided. Finally, our results
were confirmed for the case of an exponential dependency
between the Rician factor and the elevation angle.

APPENDIX A
PROOF OF LEMMA 1

From [21] one can find that

∂

∂𝑦
𝑄(𝑦, 𝑧) = 𝑧 𝑒−

𝑦2+𝑧2

2 𝐼1(𝑦𝑧) > 0 (23a)

and

∂

∂𝑧
𝑄(𝑦, 𝑧) = −𝑧 𝑒−

𝑦2+𝑧2

2 𝐼0(𝑦𝑧) < 0, (23b)

where I1(⋅) is the first order modified Bessel function and,
similar to I0(⋅), it gives positive real numbers except at 0.
Therefore, 𝑄(𝑦, 𝑧) is respectively a strictly increasing and
strictly decreasing function of y and z. Since 𝑄(𝑦, 𝑧) is
strictly decreasing function of 𝑧, 𝑄−1(𝑦, 1−𝜖) = 𝑧 should be
strictly increasing function of 𝜖 = 1−𝑄(𝑦, 𝑧) as well. Now,
suppose that 𝑧1 = 𝑄−1(𝑦1, 1− 𝜖) and 𝑧2 = 𝑄−1(𝑦2, 1− 𝜖),
or equivalently 𝑄(𝑦1, 𝑧1) = 1 − 𝜖 and 𝑄(𝑦2, 𝑧2) = 1 − 𝜖
such that 𝑦1 > 𝑦2. As 𝑄(𝑦, 𝑧) is strictly increasing function
of 𝑦 one can write

𝑄(𝑦2, 𝑧2) = 1− 𝜖 = 𝑄(𝑦1, 𝑧1) > 𝑄(𝑦2, 𝑧1). (24)

Thus 𝑄(𝑦2, 𝑧2) > 𝑄(𝑦2, 𝑧1) which implies 𝑧1 > 𝑧2 since
𝑄(𝑦, 𝑧) is strictly decreasing function of 𝑧. To sum up,
from 𝑦1 > 𝑦2 we conclude that 𝑧1 > 𝑧2 which means that
𝑄−1(𝑦, 1− 𝜖) is strictly increasing function of 𝑦.

We take the numerical solution of the equation for 𝜖 =
𝜖min, 𝜖max using the iterative algorithm presented in [21]
where 𝜖min → 0 and 𝜖max = 0.1. The linear curves 𝑧 =
𝑦 − 1.239 and 𝑧 = 𝑦 − 5.045 are the best fitting curves
to the numerical solutions corresponding to 𝜖 = 𝜖max and
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Fig. 7. The fitted curves to the values of 𝑧 = 𝑄−1(𝑦, 1−𝜖) obtained
by the numerical method for 𝜖 = 10−1 and 𝜖 = 10−5, which are
𝑧 = 𝑦 − 1.239 and 𝑧 = 𝑦 − 5.045 respecively.

𝜖 = 𝜖min respectively, which are illustrated in Figure 7. Thus
one can write

𝑄−1(𝑦, 1− 𝜖max) = 𝑦 − 1.239 + 𝛿1(𝑦, 1− 𝜖max),

𝑄−1(𝑦, 1− 𝜖min) = 𝑦 − 5.045 + 𝛿2(𝑦, 1− 𝜖min), (25)

where 𝛿1(𝑦, 1− 𝜖max) and 𝛿2(𝑦, 1− 𝜖min) are the negligible
functions of 𝑦 and 𝜖max, and 𝑦 and 𝜖min respectively. Now
for 𝜖min < 𝜖 < 𝜖max we have

𝑄−1(𝑦, 1− 𝜖min) < 𝑄−1(𝑦, 1− 𝜖) < 𝑄−1(𝑦, 1− 𝜖max) (26)

or equivalently for 𝑧 = 𝑄−1(𝑦, 1− 𝜖) we obtain

𝑦−5.045+𝛿2(𝑦, 1−𝜖min) < 𝑧 < 𝑦−1.239+𝛿1(𝑦, 1−𝜖max).
(27)

Due to the tight upper and lower bounds for 𝑧 specifically
for large values of 𝑦, the value of 𝑧 can be expressed as

𝑧 = 𝑦 − 𝑐𝜖 + 𝛿(𝑦, 1− 𝜖) (28)

where 𝑐𝜖 should be a decreasing function of 𝜖 and 𝛿(𝑦, 1−𝜖)
is a negligible function of 𝑦 and 𝜖. We interpolate the func-
tion 𝑐𝜖 using the samples 𝜖 = 10−1, 10−2, 10−3, 10−4, 10−5

where 𝑐𝜖 = 1.239, 2.281, 3.042, 3.667, 4.21 are obtained
respectively. The quadratic polynomial function of ln(𝜖)
which is 𝑐𝜖 = −0.015 [ln(𝜖)]2 − 0.529 ln(𝜖) + 0.122 is
proposed by the sample values of 𝑐𝜖. Replacing this function
into (28) we finally have

𝑧 ≃ 𝑦 − (−0.015 [ln(𝜖)]2 − 0.529 ln(𝜖) + 0.122) (29)

APPENDIX B
PROOF OF THEOREM 1

In order to find 𝜌ℎ, the value of 𝑦 in Lemma 2 that
maximizes 𝜌ℎ(𝑦) is to be found. Therefore, for 𝑦 = 𝑦 we
should have

∂

∂𝑦
𝜌ℎ(𝑦) = 0. (30)



Using (10a), the above equation can be written as

∂Λ(𝑦)

∂𝑦
cos 𝜃(𝑦) + Λ(𝑦)

∂ cos 𝜃(𝑦)

∂𝑦
= 0 (31)

or equivalently

∂Λ(𝑦)

∂𝑦
cos 𝜃(𝑦)− Λ(𝑦) sin 𝜃(𝑦) ∂𝜃(𝑦)

∂𝑦
= 0 (32)

Thus,

tan 𝜃 =

∂Λ(𝑦)
∂𝑦

Λ(𝑦) ∂𝜃(𝑦)
∂𝑦

. (33)

Since 𝑦 =
√
2Ψ(𝜃) or equivalently Ψ(𝜃) = 𝑦2/2, by taking

derivative with respect to 𝑦 one obtains

∂𝜃(𝑦)

∂𝑦
Ψ′(𝜃) = 𝑦 (34)

or equivalently

∂𝜃(𝑦)

∂𝑦
=

𝑦

Ψ′(𝜃)
=

𝑦

Ψ′
(
Ψ−1

(
𝑦2

2

)) , (35)

where the last equation is obtained from (10b). Using (10b)
and (35) in (33) yields

tanΨ−1

(
𝑦2

2

)
=
Ψ′
(
Ψ−1

(
𝑦2

2

))
𝑦
√
Λ1(𝑦)

∂
√
Λ1(𝑦)

∂𝑦
. (36)

By replacing Λ(𝑦) from (10b) into (36) and simplifying it,
we obtain

tanΨ−1

(
𝑦2

2

)
=

2 (2 + 𝑦𝑐𝜖)

𝛼𝑦(2 + 𝑦2) (𝑦 − 𝑐𝜖)
Ψ′
[
Ψ−1

(
𝑦2

2

)]
.

(37)
The solution of (37), i.e. 𝑦 = 𝑦, equivalently satisfies

𝑦2 = 2Ψ

{
tan−1

(
2 (2 + 𝑦𝑐𝜖)

𝛼𝑦 (2 + 𝑦2) (𝑦 − 𝑐𝜖)
Ψ′

[
Ψ−1

(
𝑦2

2

)])}
.
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